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Abstract 

We introduce the class of quantum symmetric pairs with simple generators. It is proved that the 
radial part of every element of a quantum symmetric pair with simple generators restricted to the set 
of regular points of this element can be computed. These computations are done explicitly for the 
Casimir elements of the quantum analogues of (SU(2), U(l)), (SU(2) x SU(2), diag) and (SU(3), U(2)) 
and give rise to second order g-difference equations for matrix valued spherical functions in general. 


1 Introduction 

Computing the radial part of Casimir elements of quantum symmetric pairs goes back to by Koornwinder 
pn] for the quantum analogue of (SU(2), U(l)). Koornwinder [20] identified the action of the Casimir 
element of the quantized universal enveloping algebra of SU(2) with a second order g-difference equation 
for the Askey-Wilson polynomials in two parameters. It turns out that the radial part of Casimir 
elements of quantum analogues of symmetric pairs, which generate the center of the quantized universal 
enveloping algebra, corresponds to q-difference equations for spherical functions. Dijkhuizen, Noumi 
and Sugitani [i 1312H1 mi Eoi sa continued Koornwinder’s work and found many more examples of q- 
difference equations which have spherical functions as solutions. They found many important non-trivial 
connections between the representations theory of quantum symmetric pairs and orthogonal polynomials 
appearing in the g-Askey scheme M- Since the quantized universal enveloping algebra is a Hopf algebra, 
which does not contain many Hopf subalgebras, one of the main problems was to find a good analogue 
for the symmetric pairs (G, AT) for compact Lie groups G. Letzter [221 [2S1 [Ml [Ml IM] studied quantum 
symmetric pairs of the form {Uq{Q), B), where Gq(g) is the quantized universal enveloping algebra of Lie 
algebra g and B a right coideal subalgebra of ^^(g), i.e. A(S) C B ®Uq{Q). The quantum symmetric 
pairs turn out to be good analogues for the symmetric pairs (G, K) of Lie groups. 

If A is the quantum torus of Gq(g), computing the scalar valued radial part of F € Uq{Q) boils down 
to computing AY modulo the augmentation ideal = {H G S : e{B) = 0} for almost all A € A. Note 
that we use the counit e as a one-dimensional representation of the coideal subalgebra B. More recently 
Letzer [241125] united the computations for the scalar valued radial parts for all quantum symmetric pairs 
where the restricted root system is reduced. Letzter showed [25l Theorem 8.2] that the scalar valued 
radial part of the Casimir elements for the quantum symmetric pairs where the restricted root system is 
reduced gives rise to g-difference equations for Macdonald polynomials. 

However restricting the radial part to the scalar valued level, where only the trivial irreducible 
representation e is taking into account, throws away information. Therefore the problem remains to 
calculate the radial part of elements of the quantized universal enveloping algebra on the level of any 
finite dimensional irreducible representation of B in general. For semi-simple Lie algebras this problem 
has been studied, e.g. Warner [331 Chapter 8.2] for computations of the radial part of the center and 
Casselman and Milicic [3 for computations of the radial part for any element of U{q). For a symmetric 
pair (G, K) of Lie groups we have the Cartan decomposition G = KAK, see [3 Chapter V, Theorem 6.7], 
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where A is the torus of G. Unfortunately, there does not exist a Cartan decomposition for the symmetric 
pairs {U{Q),U{i)) of universal enveloping algebras in general. Therefore Casselman and Milicic [5] used 
the Iwasawa decomposition for {U{Q),U{i)). Using the Iwasawa decomposition Casselman and Milicic 
[5] proved that there exists a map If which maps every element of U{q) to a matrix valued differential 
equation defined on the regular points of the torus. The map 11 is a useful tool for finding matrix valued 
differential equations for matrix valued spherical functions, see 0 Theorem 3.1] and 0 Example 3.7]. 

Using [SJ Theorem 3.1] Koelink, van Pruijssen and Roman [13 HD computed the matrix valued 
radial part for the two Casimir elements of 77(su(2)) ®U{s\x{2)) related to the symmetric pair (SU(2) x 
SU(2),diag). Koelink, van Pruijssen and Roman [T3 HZ] studied matrix valued spherical functions on 
(SU(2) X SU(2),diag). The matrix valued radial part gives rise to a first and second order differential 
equation. These two differential equations [m Theorem 7.14] are essential for completely classifying all 
matrix valued orthogonal polynomials related to the spherical functions of (SU(2) x SU(2), diag), see [T71 
Theorem 6.3]. 

In [Tj matrix valued spherical functions on the quantum analogue of (SU(2) x SU(2), diag) are studied. 
The center of the quantum analogue of SU(2) x SU(2) is generated by two Casimir elements. The radial 
part on the level of any finite dimensional irreducible representation of the quantized universal enveloping 
algebra is computed, see [TJ Proposition 5.10]. The g-difference equations are essential to complete the 
matrix valued spherical functions, which in turn are related to matrix valued orthogonal polynomials, 
see [Tj Theorem 4.17]. 

The method used in [1] to compute the radial part of the Casimir elements on the level of any finite 
dimensional irreducible representation is ad-hoc. This paper shows that these computations can be 
extended to a subclass of the quantum symmetric pairs with so-called “simple generators” such that 
we can put these computations in a more general framework. Moreover we give an explicit algorithm 
to compute the radial part of AY for every Y G Uq{Q) and A & A such that A is a regular point for 
Y. This method is a g-analogue for Casselman and Milicic [5]- We apply this method to compute the 
radial part of the Casimir elements of the quantum analogue of (SU(2), U(l)), (SU(2) x SU(2), diag) and 
(SU(3),U(2)). Note that this method not only applies to central elements, but that it can be used to 
compute the radial part in general for every element of a quantum symmetric pair with simple generators. 

However the problem of calculating the radial part of elements of quantum symmetric pairs in general 
still remains an open question. To extend the algorithm described in this paper to quantum symmetric 
pairs in general we must find commutation relations between Tj and 9q[FjKj). We were not able to find 
commutation relations that behave well enough to apply the method. Therefore we will only consider 
quantum symmetric pairs with simple generators. 

The article is organized as follows. In Section |3 we fix the notation of quantized universal enveloping 
algebras on Kac-Moody algebras. In Section [3] the definition of quantum symmetric pairs with simple 
generators is given. The class of quantum symmetric pairs with simple generators are a subclass of 
quantum symmetric pairs introduced by Kolb [19] ■ We give a complete classification of all quantum 
symmetric pairs with simple generators related to the symmetric pairs of semi-simple Lie algebras found 
in [2] and [9] . In Section |T] we prove a quantum analogue of the Iwasawa decomposition for quantum 
symmetric pairs with simple generators. Then we state Theorem 14.61 of the article, which is the main 
theorem of the paper. The proof of Theorem H.bl explains how to calculate the radial part of AZ. Theorem 
I4.6l is technical and we will see in Section|3that this theorem has important applications. In Section|3we 
study spherical functions on quantum symmetric pairs with simple generators. We show that there exists 
a quantum analogue for the map H of Casselman and Milicic [3, see Definition lOl and Theorem 133 
At the end of Section |3 we study the ^-invariance and state Theorem 15. 81 which proves an orthogonality 
relation for spherical functions. In Section |3 we show that the proof of Theorem 14.61 can be used to 
compute the radial part explicitly for the Casimir elements of the quantum analogues of (SU(2), U(l)), 
(SU(2) X SU(2),diag) and (SU(3), U(2)). The results for the quantum analogue of (SU(2),U(1)) match 
with the results of Koornwinder m when restricted to the trivial representation e. Moreover, the radial 
part calculations of the center in general give an alternative proof for [13 Theorem 7.6]. The results 
for the quantum analogue of (SU(2) x SU(2),diag) match with the results of [T]. The radial part of the 
two second order Casimir elements, generating the center of the quantum analogue of (SU(3), U(2)), are 
calculated. We identify the radial part of the center restricted to the trivial representation e with Askey- 
Wilson polynomials in two free parameters, which match with the results of Dijkhuizen and Noumi [3 for 
the quantum analogue of (5'?7(3), U(2)). Note that the quantum analogue of (SU(3),U(2)) is excluded 
by Letzter ES], since the restricted root system is non-reduced. Moreover, we compute the radial part 
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of the center in general extending the result of Dijkhuizen en Noumi [5] for the quantum analogue of 
(SU(3), U(2)) to the matrix valued case. 

2 Quantized universal enveloping algebra 

In this section we fix the notation. For luore information we refer to Kac [TT] , Kolb [H] and Lusztig [17] . 
We mainly follow Kolb [111 §2.1 and §3.1]. 

Let / be a finite set, and let A = (aij)ij^j be a generalized Cartan matrix, i.e. for all i,j G /, 
aij G Z, an = 2, aij < 0 for i ^ j and atj = 0 if and only if aji = 0. Assume that there is a 
D = diag(ei : i G I) with coprime entries S N such that DA is symmetric. Define the dual weight 
lattice to be the free abelian group of rank 2|/| — rank(A) generated over Z by {hi : i G 1} and 
[ds : s = 1, 2,..., |/| — rank(A)}. Set () = C (8)z P^. The weight lattice P of A defined by P = {A S 
()* : X{P'^) C Z}. Define 11^ = {hi : i G I}, choose ai G (}* linearly independent such that C(i{hj) = aji, 
Oii{ds) G {0,1} and take 11 = {ai : i G /}. Denote Q = ZII for the root lattice and = ZII'^ for the 
coroot lattice of Q. Choose the set Q~^ = of positive roots of Q. We extend P^, Q'^ and Q 

to jZ by taking P^ = iZ[P^], and Q = ^ZIQ], Introduce the bilinear form on [)* by 

(ai,aj) — CiUij. 

The Kac-Moody algebra g = g(A) is the Lie algebra over C generated by t) and ei, fi for i G I with 
relations given in [TTJ §1.3]. Let g' = [g,g] be the derived Lie algebra and note that g' is generated by 
e,, fi for i G I. 

For any i G I define the fundamental reflections G GL(()) by ri{h) = h — ai{h)hi for all h G i). The 
Weyl group W is generated by the fundamental reflections r^. 

Let C(q) be the complex field of rational functions in an indeterminate q over C. The quantized 
enveloping algebra Dq(g) of g is the associative unital C(g)-algebra generated by Ei, Fi and for i G I 
and ^ G P'^, subjected to the relations 

Kq = 1, KhKh' = Kh+hG 

KhE, = q^^^^^E.Kh, KhF, = F,Kh, i) 

Ki — K~^ 

[Ei ,Fj\= j , where qi = q ^', Ki = , 

- 9 * 

where h,h' G and the quantum Serre relations Fij{Ei, Ej) = Fij{Fi,Fj) = 0 for all i,j G I where 

1 (^ij 

Py(w,r)= ^(-1) 

n—0 

The coproduct A, counit e and antipode S on Wg(g) are given by 

A : Ei, P„ Kh^ Ei(^l + E„ F, 0 + K„ 

e : Ei, Fi, Kh i—^ 0, 0,1 

S : E„ F„ Kh ^ -K-^E„ -F,K„ K_h. 

With these actions ^^^(g) becomes a Hopf algebra. Let Uq{Q') be the Hopf subalgebra of Wq(g) generated 
by Ei, Fi and Kf^ for all i G I. 

For Theorem l4.3l and Theorem id.fil we have to extend the quantized universal enveloping algebra with 
the roots of Kh- We denote ^^(g) for the associative C((;)-algebra generated by Uq{Q) and Kh for h G P^ 
with the same relations (EU taking h,h' G P^. The Hopf subalgebra Uq{Q') of Uqig) is generated by 
Ei, Fi and Kh for h G Q'^. Note that Wq(g) is a Hopf subalgebra of Wq(g) and that Uq{g') is a Hopf 
subalgebra of lJq{g'). 

Let P+, U~ and P° be the Hopf subalgebras of Wq(g) generated respectively by {Ei : i G I}, 
{Fi : i G 1} and {Kh : h G P^}. Take C/° to be the Hopf subalgebra oiUq{g) generated by {Kh : h G 
By (27] §3.2] we have P+ 0 P° (8> U~ ~ ^^^(g) and P+ ® P° 0 U~ ~ Wq(g) as vector spaces under the 
multiplication map. Write U^' for the subalgebra of P° generated by all elements : i G 1} and write 

t/°' for the subalgebra of C7° generated by {Kh : h G Q'^}- By E?] §3.2] we have P+ ® ® U~ ~ hlqis') 


1- Ui 


X 


l — aa —n 


YX^ 


_ n.: 
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and 0 0 U~ ~ i^qis') as vector spaces under the multiplication map. If rank(yl) = |/| then 

llq{g) — Uq{Q'), and in explicit cases we write Uq{Q) for Uq{Q'). 

For C(q)[(3], the group algebra of the root lattice, we define an algebra isomorphism C(q)[(3] —>■ U^' 
defined on the generators by ai ^ Ki. For any /3 G Q we write 

Ki 3 = Y\_K^\ where j5 = y^n^ai. (2.2) 

iei iei 

By (|2.2I) we find commutation relations of the form 

KpE, = KpF, = F.Kp, 

for all ,5 G Q and i G I. By the same argument there exists an algebra isomorphism C(9)[Q] 17°' and 

we define Kp G U^' for any 13 G Q similar to (ESI). 

Take n G N and U = {ui,U 2 , ■ ■ ■ ,Un) G we abbreviate Fu = and Fu = 

F; K F 

-^Ui ^U2 ■ • ' ■ 

3 Quantum symmetric pairs 

We introduce admissible pairs which are a generalization of the Satake diagrams as given in [5] , see also 
Kolb [ini Definition 2.3]. 

Let X C I such that gx is of finite type, see [TH p. 399]. Write Wx C W for the corresponding 
parabolic subgroup of W with longest element wx and Q ‘f* for the corresponding root system. Let p'^ 
be the half sum of the positive coroots of <i>x- For Aut(yl) we denote the group of all permutations a on 
I such that Uij = acy(i)^a(j)- A pair (X,t) where X C I and r G Aut(A,7f) = {cr G Aut(A) : a{X) = X} 
is called an admissible pair if 

1. = id/, 

2. The action of r on X coincides with the action of —wx, 

3. If j G I\X and t(j) = j, then aj{px) G Z. 

Given an admissible pair (AT, r) we define an involution 9 = 6{X,t) by [T^ Theorem 2.5] such that 
on f) we have 6 {h) = —wxT{h). By duality 9 induces a map 0 : f)* ^ : a !->■ —wxT{a). Let 

F = {a; G g' : 9{x) = x} be the hxed point Lie subalgebra of g' with respect to involution 9. Take Mx 
to be the subalgebra of Vlq{g') generated by {Fi, Fi, : i G X} and Mx to be the subalgebra of 
Uq[g') generated by {Fi,Fi : i G AT} and {Kh ■ h G \'L[{ai : i G AT}]}. The quantum torus A = Ae is 
generated by all elements Ka where a G Q such that 0 (q;) = —a and write A = Aq for the quantum 
torus generated by Ka where a G Q and 0(a) = —a. Let Uq be the subalgebra of 1/°' consisting of all 
the hxed points Kp, where (3 G Q and 0(/3) = [3 and let Uq be the subalgebra of 17°' with elements Kp 
such that j3 gQ and 0(/3) = (3. 

For every admissible pair (Ai, r), Kolb [191 Dehnition 4.3] dehnes the quantum involution 9q = 
9q{X, t) : Uq{g') —?> Uq{g'). In general the quantum involution 9q is not a Hopf algebra automorphism and 
is not an involution, i.e. 9^ A id, in general. However we always have 9q{Kh) = K 0 (j^^, ffqjMx = idx^ 
and 9q ^ 9 for q ^ 1. 

Definition 3.1. For an admissible pair (Ar,r) take c = {ci)i^j\x G (^(g)'^)'^^''', s = (si)ig/\j/ G 
(C(g))'^\^ and dehne B = Bc.s = Bc,s{X, t) to be the subalgebra of Uq{g') generated by Mxi Uq and 

■- B, ■- F, + c^9q{F,Ki)K-^ + s,K-\ i G I\X. 

The pair {Uq{g'),B) is called the quantum symmetric pair related to the admissible pair (AT, r). If 
s = 0 we often write Be = Bc.o- Note that B is & right coideal of Uq[g') [111 Proposition 5.2], i.e. 
A(H) C B®Uq{g'). If, for all i G I\X, we have 9q{FiKi) = where Vi G C(g)^, we call 

{Uq{g'),B) the quantum symmetric pair with simple generators (related to the admissible pair (AT, r)). 

The algebra B of algebra Uq{g') is generated by {Bi}i^i\XiM.x and Uq. The quantum symmetric 
pair {Uq{g'),B) has simple generators if {Uq[g'),B) has simple generators. 
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Definition 3.2. Let Bi and B 2 be two right coideals of Uq{Q'). We call Bi equivalent to B 2 if there 
exists a Hopf algebra isomorphism (j) on Wq(fl') such that (j){Bi) — B 2 - 

We define the left adjoint action of Uq{Q) on itself by 

a.d{x){y) = ^a;(i)j/5'(a:(2)), 

(a;) 


where x,y € Uq{Q). 

Proposition 3.3. Let be an admissible pair for the quantum symmetric pair {Uq[Q')^Bc,s)- The 

quantum symmetric pair 6c,s) bas simple generators if and only if for every i G I\X the ad{Aix)- 

module ad{Mx){Ei) is one dimensional. 

Proof. Suppose that {Uq{Q'),Bc,s) has simple generators. Fix i G I\X. There exists a highest weight 
vector of ad{Mx){Ei) of the form ad{Z^{X))Ei), with Z^{X) = Ey and V = • ■ • ,jr), see [TOl 

Lemma 3.5, (4.3) and (4.4)]. Also by [111 Lemma 3.5] Ei is a lowest weight vector of ad{Mx){Ei). Let 
j G I such that r(j) = i, then by [111 Theorem 4.4.(3)] we have 9q{X,T){EjKj) = —Wiad{Zf ){Ei) for 
some Wi G C(q)^. Since (l/q(g'), Bc,s) has simple generators 9q(X, T){FjKj) = —ViEi for some vi G C{q)^ . 
Therefore Ei is a highest weight vector and a lowest weight vector for the irreducible ad(A4jf (-module 
ad{Mx){Ei). This shows that ad{Mx){Ei) is one dimensional. 

Suppose for all i G I\X we have that the ad(A4x(-module ad{Mx){Ei) is one dimensional, then 
by [m Theorem 4.4.(3)] Oq{X,T){FiKi) = —where Vi G C(q). By Definition 13.11 we find that 
{Uq{Q'),Bc,s) has simple generators. □ 

Lemma 3.4. Take i,j G I, then ad{Ei){Ej) = 0 if and only if aij = (a^, aj) = 0. 

Proof. Since A{Ei) = Ei 1 + Ki 0 Ei we find that ad{Ei){Ej) is 

J2{E^)il)EqS{{E,)^^)) = E,Ej + K,E,S{E,) = E.E, - A,A,. (3.1) 

(Ei) 


If {ai,aj) = 0, then from the quantum Serre relations (EB is zero. Suppose (EB is zero, then EiEj = 
EjEi. This can only follow from the quantum Serre relations if (a^, aj) =0 □ 

Proposition 13.31 states that a quantum symmetric pair has simple generators if and only if for every 
i G I\X the ad(Afx)-module ad{Mx){Ei) is one-dimensional. Suppose A 7 ^ 0, then ad{Mx){Ei) is one¬ 
dimensional for all i G I\X if and only if ad{Ej){Ei) = 0 for all j G X. By Lemma 13.41 ad{Ej){Ei) = 0 
if and only if Oij = 0. This observation gives the following Corollary. 

Corollary 3.5. Let (A, r) be an admissible pair for quantum symmetric pair {L(q{g'), Bc,s)- The quantum 
symmetric pair (Uq{Q'),B) has simple generators if and only if for all f G A and j G I\X we have 
Oij = (ai,aj) = 0. In particular, if A = 0, then {lJq{g'), B{(1 >,t)) has simple generators. 

Not all right coideals Bc,s are suitable quantum analogues for W(F). Kolb [1^1 Lemma 5.3, 5.4 & 5.5] 
showed that for Bc.s to be a suitable quantum analogue for U{t') we need restrictions on c and s. Define 

Ins = [i G I\X : T{i) = i, ai{hj) = 0 for all j G A}, 

then Sc,s is a suitable quantum analogue for U{1') if c G C and s G S, where 

C = {c G : a = Cr(i) if t(*) 7 ^ i and (a^, ©(a^)) = 0}, 

5 = {s G (C(q))d'^^^ : if Si 7 ^ 0 then i G Ins and G —2No for all j G /ns\{0}' 

The construction of the quantum symmetric pair subalgebra Bc,s seems to be very artificial. However 
if c G C and s G 5, then Bc.s specializes to U(t) for q = 1 and Bc.s is maximal with this property. Letzter 
[221 Theorem 5.8], [211 Theorem 7.5] showed that for finite dimensional g any maximal coideal subalgebra 
of ^^(g) that specializes to U(t) for g = 1 is equivalent to a right coideal Bc.s, see also Kolb [121 Remark 
5.7 and Section 10]. 
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For the rest of this section we assume c G C and s G 5. We classify all quantum symmetric pairs 
with simple generators for semi-simple Lie algebras using the theory developed by Araki [5] and Letzter 
m- After the classification we work out a couple of these examples. In the last example we work 
out the quantized universal enveloping algebra of affine SI 2 , which is infinite dimensional and hence not 
semi-simple. For all the examples below we have A = 0. 

Example 3.6. Every symmetric pair {G,K) of a compact Lie group G gives rise to a symmetric pair 
(g, I) of semi-simple Lie algebras related to an admissible pair {X, r). Araki [2] gives the classification for 
all admissible pairs (A, t) of symmetric compact finite dimensional Lie groups, see also [9l Chapter X]. 
Each of the admissible pairs (A, r) of [5] gives rise to a quantum involution 6 q{X,T), see [121 Definition 
4.3], from which we can construct a quantum symmetric pair {JAq{Q),B). By a case by case check on the 
list of Araki [5] we give all admissible pairs related to a symmetric pair {G,K) of compact groups, using 
Corollary inm corresponding to a quantum symmetric pair with simple generators. 

1. Let g be a simple Lie algebra generated by {ei,fi,hi : 1 < i < m}. Take two copies gi and 

Q 2 of g and label the generators of gi by {ei,fi,hi ■ I < i < m} and label the generators of 
Q 2 by {a+m, fi+m,hi+m ■ ^ < i < m}, take g = gi © Q 2 - The intertwiner on gi © 22 is given 

by 0 : ei,fi,hi >-)• et+rn, fi+m,hi+rn and 9 : et+rn, fi+m,hi+rn ei,fi,hi, for 1 < z < TO. Then 

(gi © g 2 ,diag) correspond to the quantum symmetric pair (Wq(gi © g 2 ) ~ © ^^ 9 ( 02 ), ^c.s)- 

Every right coideal for the quantum symmetric pair related to admissible pair (A, t) is equivalent 
to Sip. See Examples 13.81 and 13.101 for quantum symmetric pairs related to (SU(2) x SU(2),diag) 
and (SU(3) x SU(3),diag). 

2. Type AI, where we have I = {1, 2,..., r} and r = id. In this case every right coideal B for quantum 
symmetric pair of type AI is equivalent to Sip. 

3. Type AIII, case 2, where I = {1, 2,..., r} for odd r = 2£ -|- 1, £ G N. The permutation r is defined 
byzi—— z-l-1. Every right coideal S for quantum symmetric pair of type AIII is equivalent to 
Si^s, where s = (0, 0,..., 0, s, 0,..., 0) with an s G C(g) on entry £ of s. 

ai Q !2 Q!3 

O-O-O- 

AIII: -[ [ [ 

o-o-o- 

OIt’_ 2 

4 . Type AIV whenr = 1, 2, i.e. the quantum symmetric pairs related to (SU(2), U(l)) and (SU(3), U(2)). 

For r = 1 we have I = {1} and r = id. The right coideal S for the quantum symmetric pair is 
equivalent to Si,s for s G C(q). See Example 13.71 

For r = 2 we have I = {1, 2} and r = (1 2). The right coideal S for the quantum symmetric pair 
is equivalent to Scp where c = (c, c) for c G C(g)^. See also Example 13.91 

5. Type BI, for £ = r, so that I = {l,2,...,r} and r = id. Every right coideal for the quantum 
symmetric pair of type BI is equivalent to Sip. 

6 . Type BII, for r = 1, so that I = {1} and r = id. Every right coideal for the quantum symmetric 
pair of type BII with r = 1 is equivalent to Sip. 

7. Type Cl, where I = {1, 2,..., r} and r = id. Every right coideal for the quantum symmetric pair 
of type Cl is equivalent to Si,s where s = (0,0,..., 0, s) with s G C{q). 

8 . Type DI, case 2, where r > 3, so that / = {1, 2,..., r} and t = {{r — 1) r). Every right coideal for 
the quantum symmetric pair of type DI, case 2, is equivalent to Sip. 


Ott-l 

— 


;o oLt 


—o 

O-t+l 
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ai a 2 0:3 
DLl : O-O-O- 


Q^r— I 



OC'P 


9. Type DI, case 3, where r > 4, so that I = {1, 2,..., r} and r = id. Every right coideal for the 
quantum symmetric pair of type DI, case 3, is equivalent to 61 .o- 

10. Type El, where I = {1, 2,..., 6 } and r = id. Every right coideal for the quantum symmetric pair 
of type El is equivalent to Bi o- 

11. Type Eli, where I = {1, 2,..., 6 } and r = (1 6)(3 5). Every right coideal for the quantum symmetric 
pair of type Eli is equivalent to 61 . 0 . 


Eli : 


02 


Ol 03 

o—o- 


o 

05 06 

o—o—o 



r 


12. Type EV, where I = {1, 2,... ,7} and r = id. Every right coideal for the quantum symmetric pair 
of type EV is equivalent to Bi^o- 

13. Type EVIII, where I = {1, 2,..., 8} and r = id. Every right coideal for the quantum symmetric 
pair of type EVIII is equivalent to i3i,o- 

14. Type FI, where I = {1,2,3,4} and r = id. Every right coideal for the quantum symmetric pair of 
type FI is equivalent to Bi o- 

15. Type G, where I = {1, 2} and r = id. Every right coideal for the quantum symmetric pair of type 
G is equivalent to Bi o- 

Example 3.7 (Type Ai). Consider quantum symmetric pairs (^ 5 ( 5 ( 2 ), Sc,s) for type AIV of Araki [5]. 
Uq{s{ 2 ) is generated by E,F and . The admissible pair is (0,id) and the right coideal Si,s, where 
s G C(( 7 ), is generated by 

B = F - EK-^ + sK-^. 

Therefore the quantum pair (^^(sb), Si,s) corresponding to Gelfand pair (SU(2),U(1)) has simple gen¬ 
erators. The quantum torus A is generated by and therefore we call (Wg(s[ 2 ), Si,s) a pair of rank 
1. Fix c G C(g)^ and s G F,{q) and take Hopf algebra isomorphism (j) : E,F,K^ i->- c~^E,c^F,K^. We 
see that (j){Bc.s) = B^ ^ 1 ^, hence the right coideal Bc,s is equivalent to the right coideal Si,t for some 
t G C{q). This case has been studied first by Koornwinder pH] . 

Example 3.8 (Type Ai x Ai). Let g = 5(2 ©sb- Consider the quantum symmetric pairs (Wq(g),S) 
related to (SU(2) x SU(2),diag). The admissible pair is given by (0, (1 2)). A quick computation gives 
C = {(c,c) : c G C{q)^} and S = {(0,0)}. For c = (1, 1) and s = 0, the right coideal B is generated by 

Bi = Fi-E2 K^\ B2 =F2 -EiK^\ = (iGiiG2-i)±b 

Therefore {Uq{Q),B) is a quantum symmetric pair with simple generators. The quantum torus A is 
generated by {KiK 2 )^^ and hence we call {Uq{Q), B) a pair of rank 1. Let c G C be arbitrary and define 
Hopf algebra isomorphism (j) : Ei,Fi,Kf^ ^ c~iEi,ciFi, We see that (/'(He,( 0 , 0 )) = H(i,i),(o,o) and 
therefore the right coideal He,( 0 , 0 ) is equivalent to the right coideal H(i,i),(o,o)- Aldenhoven, Koelink and 
Roman study this case in [T]. 
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Example 3.9 (Type A 2 ). Let g = sis. Take the quantum symmetric pair {Uq{Q),B) related to 
(SU(3), U(2)). The quantized universal enveloping algebra is generated by Ei, E 2 , Fi, F 2 , Ki and 
K 2 . The admissible pair is (0,(12)) and C = C{q)^ x C(g)^, S = {(0,0)}. Let ci,C 2 S C(g)^ and take 
right coideal 6 (ci,c 2 ) generated by 

= El - ciEiK-\ B2 = F2- C2E2K-\ 

Therefore {Uq{Q),Bi^c-i,c 2 )) is a quantum symmetric pair with simple generators. The quantum torus A 
is generated by (iLiiL 2 )^^, hence we call (Wg(g), S(cj_c 2 )) ^ P^'i^ of rank 1. Let (j) be the Hopf algebra 
isomorphism defined on the generators by (('(Ei) = cj"^Ei, (j){Fi) = ciFi and as the identity on the 
other generators. We see 4 >(Bi^ci,c 2 )) = '®(i c“T 2 )’ iionoe every right coideal E(ci,c 2 ) is equivalent to a 
right coideal S(i,d) for d G C(g). So the quantum symmetric pair {Uq{Q),B) related to (SU(3),U(2)) has 
essentially one free parameter. 

Example 3.10 (Type ^42 x A 2 ). Let g = sis ©sis. Consider the quantum symmetric pair {Uq{g),B) 
related to (SU(3) x SU(3), diag). The admissible pair is given by (0, r) where r = (13)(2 4). We have 
C = {(ci,C 2 ,Cl,C 2 ) : ci,C 2 G C(g)^} and S = {(0,0,0,0)}. Therefore 0(0,r) maps Oj —ar(i) and for 
c = 1 = (ci, C 2 , Cl, C 2 ) G C and s = 0 = (0, 0,0,0), the right coideal Bc,o is generated by 

Bi = El — ciE^K^ B2 = F2 — C2E4K2 B3 = F3 — ciEiK^ B4 = F4 — C2E2E4 

and {K 2 K^^)^^. Therefore {Uq{sl 3 )®Uq{sl 3 ), Bc,o) is a quantum symmetric pair with simple 
generators. The quantum torus A is generated by {KiKs)^^ and {K 2 K 4 )^^, hence we call {Uq{Q),Bc,o) 

a pair of rank 2. Define the Hopf algebra isomorphism (p defined on the generators by 4>{Ei) = c^ 

p{Fi) = c}Ei if i = 1,3 and p{Ei) = C 2 ^ Ei, 4>{Fi) = c|Ei for * = 2,4. We have (j){Bc,o) = Ei.o, where 
1 = (1,1,1,1). Hence the right coideal Bc,o with c G C is equivalent to Ei^o- 

Example 3.11 (Quantum affine s [2 and the g-Onsager algebra). An example of a quantum symmetric 
pair not related to a symmetric pair of semi-simple Lie algebras is the quantum affine SI 2 and its q- 
Onsager subalgebra [Sill]. The embedding of the g-Onsager algebra in quantum affine 5(2 can be found 
in uni Proposition 1.13], see also [mi §2]. The generalized Cartan matrix of affine Lie algebra s[ 2 (C) is 

with I = {0,1}. The algebra Uq{sl 2 ) is called quantum affine sl 2 . We take 

the admissible pair (A,r) = (0,id), then C = C{q)^ x C(g)^ and S = {(0,0)} For any c = (ci,C 2 ) G C, 
s = ( 0 , 0 ) the right coideal Bc,s is generated by the simple elements 

El = El — C1E1E4 B2 = F2 — C2E2K2 

for i € I. The pair (^^(sb), Ec,s) is a quantum symmetric pair with simple generators, see also [HTl 
Example 7.6]. The quantum torus A is generated by and so that we call (^ 5 ( 5 ( 2 ), Ec,s) of rank 
2 . The right coideal Bc,s is isomorphic with the 9 -Onsager algebra. In [TH] Kolb studies the radial part 
of the Casimir of the Onsager algebra SI 2 in the fashion of Casselman and Milicic [5]. One can wonder 
whether the results achieved in [18] can be extended to quantum affine 5(2 using Theorem 14.61 

4 Quantum infinitesimal Cartan decomposition 

In this section and Section |S] we assume that c and s are arbitrary finite sequences of elements of C(g). 
We do not assume in general c G C or s G 5. 

Lemma 4.1. Let {Uq{Q'), Bc,s) be a quantum symmetric pair. If a G Q and K £ A = Aq an element of 
the quantum torus, then KaK G Bc,sA 

Proof. We only have to check the statement on the generators of A, therefore we assume K = Kp for 
some f3 £ Q, with 0(/3) = —/3. Moreover 0 is an involution on t)*. Hence take 7 = ^(a + 0(a)) and 
(5 = 5(0 — 0(a)) + /3, so that 0 ( 7 ) =7 and 0((5) = —6. Then by the construction of 7 and 6 we have 
Ky £ Sc,s and Kg £ A. Therefore we have Kc,Kp = Ka+p = K-y+S = K-yEg £ Bc,sA. □ 


given by A = 


2 

-2 


-2 

2 


Example 4.2. Take Example 13.81 We have 0 : ai,a 2 i—>■ —a 2 ,—ai. Furthermore the quantum torus 
A is generated by with A € \'L. Let ^ G Qj we decompose K^Kx^ax+a^) Write /r = 

/iiai+/r 2 Q! 2 - According to the proof of Lemma|13]we have 7 = /r 2 )Q!i + 5 (/i 2 —/ii)Q !2 

andJ = 0(/x))+A(ai+a2) = ( 5 (Mi+M 2 )+A)(ai+a 2 )- Hence we have = K^Ks € BA. 

We now give a quantum analogue of the Iwasawa decomposition. There are multiple variants of the 
quantum Iwasawa decomposition already known, see [251 Theorem 2.2]. However, Letzter [25] restricts 
to only finite dimensional Lie algebras. The quantum Iwasawa decomposition given by Letzter |25j 
decomposes Uq{Q) in the right coideal S, the quantum torus A and the “positive part” A/"+ generated by 
Ad{Mx){Ei) for all i G I\X. However if the right coideal B has simple generators we show in Theorem 
14.31 that A/’’*' can be replaced by its counterpart generated by all Fi for i G I\X. 

Theorem 4.3 (Quantum Iwasawa decomposition). Let {Uq{Q'),B = Bc,s) be a quantum symmetric pair 
with simple generators. Let A = Aq be the quantum torus of {JAq{Q'),B) and N be the subalgebra of 
Uq{Q') generated by Fi for i G I\X. We have the quantum Iwasawa decomposition Uq{Q') = BAN. 

Proof. This proof is based on Kolb m Proposition 6.1 and Proposition 6.3]. 

Take integers M,N > 0, U = (ui, U 2 ,..., um) G , V = {vi,V 2 ,... ,vn) G and j5 G Q. 
Because 0 C/° (8) U~ ~ Uq{Q') as vector spaces under the multiplication map it is sufficient to show 
FuKpFv G BAN. We prove, with induction on M, that FuKpFy G BAN. 

By Corollary 13.51 and the Serre relations an element Fi, where i G X, commutes with every Fj, 
where j G I\X. Since Fi G Bc,s we can pull all Fi, where i G X, to the left and we can assume that 
U G {I\X)^. Similarly, an element Fi, where i G X, commutes with every Fj and Fj, where j G I\X. 
Because Fi, where i G X, g-commutes with every element in and Fi G Sc,s, we can pull Fi to the left 
and we can assume V G {I\X)^. 

If M = 0 we have by Lemma [4.11 that KpFy G BAN. Let M > 0 and assume that for all M' < M 
and U' G {I\X)^ we have FyKjjFv G BAN. Since ui G I\X there is t G I\X such that r(t) = u and 
Bt = Ft- CtFuxKf^ + so 

Fux = -FtKt - BtKt + -. 

Ct Ct 

Hence 

FuKpFy = —FtKtEu'KpFv — BtKtFu’KfjFv H— -FuiKpFy. 

Ct Ct 

Directly from the induction hypothesis we see Fjj'KpFy G BAN. Since Kt and Ew g-commute there is 
a; G Q such that KtEjji = q^EjjiKt and 

BtKtEu'KpFv = q^BtEu'Kp+xxNv e BAN. 

Lastly for FtKtEu’K^Fv = q^FtEwKp+atFy we use the relation [Ey,,Ft] = 5ut{Ku - R-^iqu - 
repeatedly so that we can pull Ft through Fiji. Let i be the smallest integer such that Ui = t. We have 

FtEjj!K^jj-xx^Fy — Eu,^ ... Exi,_xFtE.xLiEuij_x ■ • ■ _.,KjUj-fx^Fy 

— F.xl\ •'. Fxi,FtExi,^x • ■ • Fut,t-iFj3+atFy (a 

+ Eux ■.. Eui_x i—-— ' J A'ui+i • ■ • Eu,,j_xKpj^atFy. 

By the induction hypothesis 

^ Fui^i ... E.XLM-iFp+atFy 

is in BAN after moving the to the right at the cost of a power of g. Therefore, after repeated 
application of (14.ip . it is sufficient to show that EjjrrFtKp+a^Fy G BAN for all U" such that \U"\ < \U'\. 
But Ft g-commute with Kp+at hence 

Eu"FtKp+xxNv = q^°^’^+‘^*^Eu"Kp+xxNtFy = Eu" Kp+xxNy-, 

where V = {t,vi,V 2 , • ■ • ,vn). Now with the induction hypothesis Eu"Kpya^Fyi G BAN, which yields 
the result. □ 


E E 

J-JUi ’ • • -‘-'Ui— 1 


Kut - K- 

n — rr-l 
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Let Kx & A and Y S Wg(g'). If we have two right coideals Bc,s and Bd,t with simple generators for 
Uq{g') Theorem 031 shows that we can write KxY € Bc,sAM. The question that remains is if an element 
of AN" has a decomposition in Bc^sABd.t- To answer this question we first introduce for each element of 
Uq[Q') the set of regular points of A of this element. 

We introduce the notation g-exp(x) = q^. 

Definition 4.4. The set of regular points of 1 is .4reg(l) = A. Let U = {ui,U 2 , ■ ■ ■, Uk) G (/\X)^, with 
A: > 0 , and define the set of regular points Areg{Fu) to be all Kx G A such that 


CviCv2 • • • ^Vk-e 

(iv-^dy2 • ’ • 


A 9-exp 


k-l 


\ 


^ ^ (At fij CXy^ Y ^ ( (.^Vi 5 ) 




l<i,j<k—£^ 

i¥=3 




ioT all 0 < £ < fc, where {vi,V 2 , ■ ■ ■, Vk-i) is any subsequence of U and /i runs over the set 

+ 1 V 2 M «2 -t • ■ • Nk^JLuk ■ l^jl < 1 , for all 1 < j < fc}, 


(4.2) 


(4.3) 


where - 0(ai)). 

Let Y G Uq{g) and Kx G A, then by the quantum Iwasawa decomposition, Theorem l4.31 we can write 
KxY = Y,j Cj{>^',Y)Kx-(x-Y)FvYx-,Y), where Cj{\Y) G 6 c,s, Aj(A;F) G Q such that 0(Aj(A;F)) = 
—Aj(A; Y) and G N. The set of regular points .4.reg(T) of Y are all A G Q such that Aj(A; Y) G 

Ares{Fv^(X-,Y)) fo'^ j. 

Remark 4.5. Let U = {ui,U 2 , ■ ■ ■, Uk) G {I\XA and assume V = (ui, W 2 , • ■ •, Vk-A is a subsequence of 
17, for 0 < .^ < k. Then Ayeg{Fu) C 7lreg(7V). 

In Theorem l4.61 which is the main theorem of this paper, we give sufficient conditions on the elements 
of AAf to decompose in 6c,s.T6d,t- 

Theorem 4.6. Let (77, r) be an admissible pair and let 6c,s = 6c,s(77, r) and 6d,t = 6d,t(77, r) be 
two right coideals such that {hlq{g'), Bc,s) and {Uq{g'), Bd.t) are quantum symmetric pairs with simple 
generators. Fix U = {ui,U 2 , ■ ■ ■, Uk) with uj G I\X and let Kx G Areg{Fu)- Then KxFu G 6c,s7l6d,t- 

Proof. Let ~ be the equivalence relation modulo 6c,s7l6d,t- We proceed with induction on the structure 
of Fu. If \U\ = 0, then KxFjj G .A C Bc.sABd.t- Let k = \U\ > 0 and assume that, for all F C 6 such 
that V A U, we have KxFy G 6 c,s.A6d,t- For Uk G I\X compute 


K\Fu = KxFu.^Fu^ ... “*= + du^KxFy^Fy^ ... 

XxFu^i Fu2 ■ ■ ■ Fy 


K~^ 

Uk-l-^'-Uk ■ 


(4.4) 


By Remark 03] 77a G Aeg( 6 ’(«i,« 2 ,,,,,ufc_i))- Hence, by the induction hypothesis, KxFy^Fy^ .. is 

in 6c,s7l6d,t- Therefore KxFy^^Fy^ .. ■ Fu^_j^BuA’ belongs to 6c,s7l6d,t- With Lemma 0T] and the 
induction hypothesis we show that 


f K\F F F K~^ — f jY\K~^F F F 

^Uk^^A^ U2 ’ ' ’ ^ Uk-l-^^Uk — ^UkH ^^X^^Uk ^ Ux-^ U2 • • • Rfc-l 


is in 6 c,s.A 6 d,t- By Lemma 0T] we write KxK~^ = KjKg G 6c,d7l, where 7 = —\{oiuk — 0{ctuk)) and 
5 = A- A(a„^ -0 (q;„^)) = X-Huk- For U' = {ui,U 2 , ■ ■., Wfc-i) we have to show that 77a_^„^ G Aeg( 6 ; 7 ') 
and hence, by the induction hypothesis, Kx-fi^^Fui belongs to 6c,s7l6d,t- When 1 < 7 < fc we rewrite 
condition (1421) for U for any subsequence {v\,V 2 , ■ ■ ■, Vk-t) of U' to 


dy^(iy2 . . . dy^_^ 


A 9-exp 


((k-Y)-{l-\) 

{X Y ^,ay^ + ar(^y^)) — 

i=l l<i,i<(k-l)-{e.-l), 

\ i=A3 


\ 


{^C£y^ , kXy. ) 


(4.5) 
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Substitute £ i-)- £ + 1 in (14.51) and take = — 1 in (14.31) . then 


^Vi^V 2 ' • ■ — l — 

dy-^ dy^ • • ■ dyj^_-^_^ 


+ g-exp 


(fc-i)-f 




^ ^ 4“ 4“CkT(«i)) ^ ^ ) 


V 


l<i j'<(/c-l)-.«, 


/ 


for 0 < £ < fc — 1 and where /x ranges over the subset 

{Ni^u^ + + ... + Nk-i^iuk-i ■ l^il < 1, for all 1 < j < fc - 1} 

of (14.31) . Hence all the required conditions to apply the induction hypothesis on hold. It 

follows that Kx—^^^Fjj' G and K\Fu ^ duf,KxFu^Fu 2 • • ■ ^uk—i^T{uk)^Uk * 

We show that can be pulled to the left side of (14.41) . Let p be the largest integer such 

that r(ufe) = Up where 0 < p < fc — 1. We show that we can pull through Since [Ei,Fj] = 

5i,j{qi - qi^)~^{Ki - K~^) we have 

dukKxFu^Fu2 ■ ■ • A'up_iFupF.r(ufc)^'!ip+i • ■ 


— dukK\FuiFu2 ■ ■ ■ Fup_i I ^r(ufc)^-iip 


Kup-K-^ 

qup ~ qup 


’ '^^p+1 


-1 

'^fc — 1 


■ ■■Fup ,K, 


— duk KxFu, Fu 2 ■ ■ ■ Fup_-i^Ep(j2i^)FupFupj^-i ■ ■ ■ Fu^_^ K, 


-1 


(4.6) 


+ q'-exp((a„p, Oui + Oils + ... + Q!iip_i) + (cr«fcj ci;„^ + + ... + au,._i)) 

^ (g«p ~ g^p ) du,^K\KupK^^ Fu^Fu 2 ■ ■ ■ Fup_^Fup^i ■ ■ ■ Fu^_i 
— q-exp{—{aup, Oiui + Qfii2 + • ■. + a«p_i) + {o^uk, cxui + ctu2 + ■ • ■ + ctuk-i)) 

^ {qup ~ qup ) dui^KxK^^ FuiFu 2 ■ ■ ■ Fup_kFup^^ ■ ■ ■ Fuk_i ■ 

Let U' = {ui,U 2 ,.. ■ ,Up-i,Up+i,... ,Uk-i). By Lemma HU] we have KxK^^R-^ e Bc^sKx±ppp-pp^- 
Using the induction hypothesis we will show that K\±p^ Fw G Bc.sABc,s, so that (14.61) gives 


duk KxFu iFu 2 ■ ■ ■ Fup_kFupEp^up^^Fupjki ■ ■ ■ Fuk-i Kul 


dukK\FukFu2 ■ ■ ■ Fup_kEp(^^^_'^FupFupj^k ■ ■ ■ Fuk-i^^uk ■ 


(4.7) 


We show that K\±p^ G Areg{Fu') Note that, for 2 < £ < /c, and for any subsequence (ui, U 2 ,..., Vk-i) 
of U', (14.31) gives 


CviCv2 ■ ■ ■ ^Vk-e 

dy^dy2 ■ • ■ dy^_^ 


^ g-exp 


(k-2)-(l-2) 

(A+/X, +Q;p(„;)) — 




(rTpj, (y.yr ) 


V 


i=l 


l<i,j<(k-2)-{i-2), 

i¥=3 


(4.8) 


/ 


Substitute £ i-)- £ + 2 in (14.81) and take = —1, Np = ±1 in (14.3|) . then 

(. 


C-Vl C-V2 • ■ • ^Vk-2-l 
dy-^dy2 • • • dy^_2_g^ 


^ g-exp 


{k-2)-i 


\ 


^ ^ (A i /Xpj, -f /i, Opj -|- Q!p(p^)) ^ ^ i^Vi ) Oiy^ ) 


V 


l<i,j<(k-2)-e, 


/ 


for 0 < £ < fc — 2 and where p ranges over the subset 


-)-...-)- Np—\p,y^_-^ -)- Nk—ipuk—i ■ |fy? l — f 1 fcr all 1 ^ j ^ f ? J 7^ p} 

of (IH^ . Hence all the required conditions to apply the induction hypothesis on Kx±pp^-pp^Fjj/ hold. 
It follows that Kx-pp^Fjjr G Sc,s^Sd,t- 


II 












By repeated application of (14.71) we can pull through (14.41) . Taking into account the q- 

commutation relations for and we have modulo Sc,s^'Bd,t 

K\Fu g-exp((A, — (q!„^, + a „2 + ... + )) 

X - CukET{uk)^uk K\PuiFu2 ■ ■ ■ Fuk-i 

= q-exp((A, — (ttufc 7 + o:u 2 + . •. + 0 !uk_i)) 

y (p o K~^\K\F F F 

^ Q-exp((A, T ^T(itfc)) + ... + a«fc_J) 

X ^h^±XxF F F F 

^ Uk^ Ui^ U2 ’ ' ’ ^ Uk-l'l 

Cuk 

because we already noticed that K~^KxFuiFu 2 ■ ■ ■ Fuk_i S Bc,sABd,t- Hence we obtain for U G {I\X)^ 
and K\ G Areg{Fu) the identity 

KxFu - C{X,U)KxF^,Fu,Fu,...F^,_^, (4.10) 


where 

C{X,U) = q-exp{{X,auk + ariuk)) - {auk,aui + + ■ • ■ + oiuk.k))— (4.11) 

‘^Uk 

Let Sk be the permutation group on {1,2,..., k}. For V = {vi,V 2 , ■ ■ ■, Vk) G and a G Sk define 
the action of a on by trH = (uo-(i),Ucr( 2 ), ■ • ■,Va(k))- 

Let CT = (1 2 ... fc) e 5'fc be the rotation of order k. Define Uq = U and Ug = aUi-i for £ > 0. Fix 
K\ G Areg{Fu)- Note that requirements (14.21) and (14.31) are invariant under the action of cr, i.e. Vi Ucr(i) 
for alH S / in (14.2|) and (|4.3I) . hence for all £ > 0 we have Kx G Areg(F/y^). Therefore the requirements 
for (|4.10p are satisfied for all [/£ and we have KxFjj^ ^ C{X,U£)Fu^^^ for all .^ > 0. Since = id it 
follows that Uk = Uq and from (14.111) we have 


fk-l 


KxFu 


nC(A,C/,) KxFu 


t=o 


I 


= g-exp 






V 






X ^^Fl^FlllG^KxFu. 
C^J,^ C-J/.O ■ • • Cniu 


(4.12) 




Because Kx G Areg(F[/) it follows from (14.21) that the coeSicient of Fcr on the right hand side of (j4.12l) is 
not equal to one. Subtracting the right hand side gives KxFu ^ 0 or equivalent KxFu G Bc.sABu,t- □ 


Remark 4.7. The proof of Theorem 14.61 is constructive, hence provides an algorithm to calculate the 
radial part KxFu for all U = {ui,U 2 , ■ ■ ■ ,Uk) G {I\X)’^ where Kx G Areg{Fu)- However the number of 
terms in Sc,s.dSd.t of KxFu where \U\ = k grows exponentially in k. Indeed, in the worst case, to permute 
U = {ui,U 2 , ■ ■ ■, Uk) to {uk, ui, U 2 ,..., Ufc-i), (14.41) gives two extra terms KxFy, where \V\ = k — 1, (14.61) 
gives 2{k — 2) extra terms KxFy, where \V'\ = fc — 2, and ()4.9D gives two extra terms KxFy, where 
\V\ = k — 1. If /fc is the number of terms for KxFu, where |Lt| = fc, in the worst case, we have recurrence 
relation fk = ifk-i + 2(fc — 2 )fk -2 for fc > 1, with starting values /_i = 0 and /o = 1. Since fk > ^fk-i 
we have fk > 4^=. On the other hand, fk-i > fk- 2 , so that fk = ifk-i + 2(fc - 2 )fk -2 < 2fc/fc_i. 
Therefore an upper bound is given by /fc < 2^fc!. This shows that fk grows exponentially in fc. Applying 
the permutation fc times finishes the algorithm, therefore, in the worst case, producing kfk terms. The 
number of terms kfk grows exponentially in fc. 

Remark 4.8. Assumption ()4.2I) in Theorem 14.61 is to be expected. A similar assumption is made in 0 
Theorem 2.4] where Casselman and Milicic take the action of a, where a is an regular point of the torus 
A. If a would not be a regular point 0 Lemma 2.2] fails to be true because of a division by zero. The 
same problem occurs in the quantum case if we don’t assume 63). 
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5 Spherical functions on quantum symmetric pairs 

In this section we introduce spherical functions in general. We give a quantum analogue for the map 11 
of Casselman and Milicic [5] for quantum symmetric pairs with simple generators. Moreover, we prove 
a quantum analogue, Theorem 15.41 of [SJ Theorem 3.1]. Next we study the *-invariance of the right 
coideals of a Hopf =i=-algebra. Theorem 15.81 gives conditions for an orthogonality relation for spherical 
functions on Hopf ^-algebras. 

Definition 5.1. Let B and B' be two right coideal subalgebras of a Hopf algebra A. Take finite di¬ 
mensional representations tg and of S, B' acting on vector spaces H, W respectively. A linear map 
$ ; A —> End(lT, V) is called a (t^, tgO'Spliorical function if for all B G B, B' G B' and Y G A 

^BYB')=tBiBMY)tB'iB'). 

The space of all (tg, te/)-spherical functions is denoted by (A). 

Remark 5.2. The case A = Uq{Q), B = Bc,s and B' = fid.t where g is a semi-simple Lie algebra with 
non-reduced root system has been studied by Letzter |25j . She classifies all spherical functions where 
= ez 3 and ts' = eg'- In this case the (eg, eg')-spherical functions are identified with Macdonald 
polynomials, [ISJ Theorem 8.2]. 

Definition 5.3. Let (A, t) be an admissible pair and Sc.s = Sc,s(A, r) and Hd,t = Sc,t(A, r) be two 
right coideals of lJq{Q') with simple generators. Fix finite dimensional representations H of i3c,s acting 
on vector space V and t 2 of Bd.t acting on vector space W. Let the set of (^ 1 ,^ 2 )- 

spherical functions on Uq{Q'). Write Res for the restriction map of to the quantum torus 

A, i.e. Res(<l>) : A -G End(W, H). We define an action of Wq(g) on by Y.^{Z) = ^{ZY) for all 

Y,Z GUqig) and ^ G Tt^^t2{l^q{5'))- 

Let Y G Uq{g') and K\ G Areg(A). According to Theorem 14.31 we have K\Y G Bc,sAN, hence we 
can write KxY = J2i(^iiAY)Kfj_^(^x-Y)Fvi{\-Y), where Ci{X]Y) G fic.s, A‘i(A;F) e Q with Q{fii{X;Y)) = 
—fj,i{X;Y) and Vi{X;Y) G Un>o('^\"^)"- Combining Theorem 14.31 with Theorem 14.61 applied on all 
Kf_n(\-Y)FviiX;V) for K), G AregO^) we have the map 


n(y) ; Areg(A) 4.S ® A (8> Sd,t- 

For K\ G Areg(A), we introduce the notation 

Tl{Y)iKx) = Y, MA Y)Kx^(x-x)B[{X- F), (5.1) 

i 


where Y) G fic.s, Ai(A; A) G A and H'(A; Y) G Bd,t- Let H 0 1 0 ^2 and define the map 


nq.tAA) = r?q,ta on(y) : Areg(F) ^ End(E) ® A ® End(W). 


We define a map • : End(H) 0 A® End (IT) x Res(Jyi (^(^^(g')) —>• End(IT, V) defined on the generators 
by 


(Ti <ZKx® T 2 ) ■ Res($) = Ti$(Aa)T 2 , 

for every Ti G End(T), T 2 G End(IT), A G Q such that 0(A) = —A and $ G (Wq(g'). 


The following Theorem is a quantum analogue of [5J Theorem 3.1]. 

Theorem 5.4. Let Bc,s and Hd.t be two right coideal with simple generators of Uq{Q'). Let Y G Uq{Q') 
and $ G Atiya(W,(g'))- We have Res(F.$)(AA) = Iit^^t 2 {Y){Kx) • Res($), for all Kx G Areg(F). 


Proof. Let Kx G Areg(F) and by (15.11) write n(F)(AA) = '^^Bi{X\Y)Kxi{x-,x)B[{X-,Y). Evaluate both 
sides in Kx, which gives 


Res(r.<i>)(AA) = HKxY) = ^ ti(i?,(A; r))$(A^,(A;v))t2(i3'(A; A)), 

i 
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and on the other hand 


Ut,,t,iY){Kx) -Resi^) = (^ti(B,(A;y)) ® ® t2(S'(A;r))) • $ 

i 


i 


□ 


The element Iltj^ t 2 (F) is called the radial part of Y. In Section [B] we compute the radial part of 
central elements in three examples. But first we study the =i=-invariance of 6 c,s- 

Proposition 5.5. Let (X, r) be an admissible pair and 6c,s = Bc,s{X,t) be a right coideal subalgebra 
of Uq{Q') with simple generators. Let fi G Aut(A, X) such that /i restricted to X is the identity on X, 
= id and /rr = r/r. Define a complex ^-structure on Uq{Q') by 


K* = K, 




(5.2) 


where i G /, Ui = 1 if /r(i) ^ i and Ci G {±1} if /r(i) = i. Let 6c,s be a right coideal with simple 
generators such that 

c^r(z) = S^r(i) = (5.3) 

The ^-structure in (15.2|) is a ^-operator on lJq{g'). Moreover 6 c.s is *-invariant with the ^-action given 
on the generators a G Q, with 0(a) = a, and i G I\X by 


13 ^ (b.4) 

where a = J2iei ^ P — J2iei 

Proof. By a direct verification on the generators (lOI) defines a ^-structure on Uq{Q'), see also [131 
Proposition 6.1.17]. Assuming (15.31) a straightforward calculation gives (15.41) . We check that the elements 
of (15.4p are again in 6 c,s- Because 6 c,s is simple, by Corollarv l3.5l and the definition of 0, see [lU (2.10)], 
we have 0(ai) = —ar(i) if i € I\X and 0(aj) = aj if j G X. Note that fi{j) = j for all j G X, = id 
and r/i = jir. Let a G Q such that 0(a) = a and write a = then 

riiai = 0 X! ^ “ X! njaj, 

i&i Kiel ) iei\x jex 


so that Hi = —nT(^i) if i G I\X. Let /3 = X)ie/ '^i^ii(i)i such that X* = X^g, then 

0 (/ 5 ) ~ ^ ^ ^ ^ ~ ^ ^ ^ ^ ~ ^ ^ ‘^r(i)^^{i) Y ^ ^ ~ Pi 

iei\x jex iei\x jex iei\x jex 

so that Kp G 6 c,s- Let i G I\X, then by dO]) B* = -criC 7 X^^(i)_^(i) 6 ^,-(j). We show that X^T-(j)_^(i) G 
6c,s- AVe have 0(a^.,-^2) ^fi{%)i hence G 6c,s- Therefore 

B* G 6 c,s, when i G I\X. For j G X we have E*,F*,K* G A4x C 6 s,t- This yields that 6 *s = 6 c,s, 
which proves the last part of the proposition. □ 

Remark 5.6. Take p. = id and Ui = 1 for alH G / in Proposition 15.51 then the *-operator defined by 
X* = Ki, E* = KiFi and F* = EiK~^ is called the compact real form of Uq{Q'). For the right coideal 
6 c.s such that have that 6 c,s is ^-invariant. We denote 

Uq(5Un) for the quantized universal enveloping algebra Uq(5\n) equipped with the compact real form. 

Definition 5.7. For a Hopf (=i=-)algebra A define the set Agrp of invertible group-like elements to be the 
invertible elements a G A such that A(a) = a ® a. Note that from the Hopf algebra axioms we have 
m o (e (g) id) o A = id, thus for every a G Agrp we have a = e(a)a. Since every a G Agrp is invertible it 
follows that e(a) = 1 . 
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Let A be a Hopf algebra and let B, B' be two right coideal subalgebras of A. Let tg be a finite 
dimensional representations of B and let tg' be a finite dimensional representations of B'. We define a 
right action of A on (A) by ($.a)(a') = $(aa') for all a,a' G A and $ G (^)- 

Theorem 15.81 motivates the *-invariance of the right coideal subalgebras on Uq{Q). This theorem is 
a generalization of [ll Theorem 5.5], which plays a key role in the orthogonality for the matrix valued 
spherical functions of the quantum symmetric pair {plq(5U2) ®Uq(su 2 ), B). 

Theorem 5.8. Let kl be a Hopf *-algebra and B' be two *-invariant right coideal subalgebras of A. 
Let $,4' : H —>■ End(y,W) be two )-spherical functions for unitary representations of B and 

of B'. Take as G Hgi-p to be a self adjoint element, i.e. a* = Ug, and define 

H ^ C : a I—>■ tr(($.as)('I'.as)*). 

If a'^S(a*) = S(a)*a^ for all a S H then is a , eg')-spherical function, where e^-igo^ is the 

counit representation restricted to aJ^Bug and eg/ the counit representation of B'. We reformulate that 
if alS{a*) = S{a)*a'^ for all a G A, then for dW a G A, h G B and b' G B' we have 

Ta,{a~^bagab') = e{a~^bag)Ta^{a)e{b'). 

Remark 5.9. The algebra aJ^Bag in Theorem l5.8l is a right coideal subalgebra, because Ug and are 
group like. Also if Ug does not satisfy agS(a*) = S{a)*al for all a € A the spherical function behavior 
Ta.iab') = Ta^{a)e{b') still holds for all a € A and b G B'. 

Proof of Theorem, \5.A Let M = dim(H) and N = dim(IT). Write $ = and 'k = ('l'm.n)m.n 

with '^m,n linear functionals on A where 1 < m < M and 1 < n < N. A straightforward calculation 
gives 

M N 

tr(($.as)(5'.as)*) = EE 

m—1 n=l 

SO that for every a G A 


M N 

m—1 n—1 (a) 

using f*{a) = f{S(a)*) for all linear functions ^ : A C and a G A. 

Take b' G B' and a G A we prove first that Ta^{ab') = Ta^{a)e{b') for all Og G Agrp. We have 

M N 

n(l)^(l))^m,n(ns'S'(ci(2))*<S'(5^^2) )*)• 

m=l n=l (a),(b') 


Because B' is a right coideal of A we have G B'. Since $ is a )-spherical function we have 

^m,n(nsU(l) ^(1)) = n(^(i))- Moreover is a unitary representation and B' is *- 

invariant, hence ■ We obtain 

M N 

T-a,(a&')=E E E ^™.fe(«s«(l))^t«(c(l))^m,n(asS'(a(2))*S'(6'(2))*) 

m—1 n,k—l (a),(&') 

M N 

m—1 n,k—l {a),{b') 

M N 

= E E E sa(i))^'m,fe(as5'(a(2))*5'(6(2) 

m—1 k—1 {a),{b') 

M N / 

= EEE^-/ k{aga(^i))'Srn,k agS{a(^2})* 'Es(%y<A,r 

m=l fe=l (a) \ (b') 
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Use the antipode axiom for the Hopf algebra A so that X](&') ‘^(^(2))*(^(i))* = (S(b') 

Therefore we see that Ta^{ab') = Ta^{a)e[b'). 

Now we show that if a 1 S{a*) = S{a)*al for all a G A then Ta^{a~^basa) = e{aJ^bas)Ta^{a) for all 
a € A and b € B. Let a € A and b € B, we have 

M N _ 

T{a~^basa) = nib(^i)asa(^i))'^m,n{asS{as ^)*S'(6(2))*S'(as)*S'(a(2))*). 

m=l n=l (a),(b) 


Since Og is invertible and a group like element it follows from antipode axiom for the Hopf algebra that 
S'(os) = a“^. Because Og is self adjoint we have S{as)* = S{al) = aj^. For the right coideal B we have, 
6(1) £ B. This yields 


M N _ 

T{a-^basa) = ^m.fe(^i))®fc.n(asa(i))^m,n(a?S'(6(2))*a7^S'(a(2))*) 

m,k—l n—1 (a),(&) 

M N / \ 

= EEE^^, „(aga(i))^'fe,„ E^a) a25(6(2))*ag-i^(a(2))* , 

k=l n=l (a) \ (b) / 

where we used the spherical property of 4 ', which is 5 'm,n( 6 (i)aJ^a(i)) = 

and the unitary of the representation, i.e. tm,fc(^(i)) = m(^(i))- Note that 6(2) G A and by the property 

of Og we have a^5'(6*2)) = S'(6(2))*a^, therefore 

^6^i)a25(6(2))*a;i5(a(2))* = ^ 6^i)5(6^2))a.^(a(2))* = e(6*)ag5(a(2))U 
(b) {b) 


Use that e(6*) = e(6) and e(ag) = 1 = e(a^ ^), hence e(6*) = e{asbas ^). Combining these facts we have 
Ta,{asbaJ^a) = e{asbaJ^)Ta,ia). □ 

In Theorem 15.81 we need Cg G Agrp self adjoint such that alS{a*) = S{a)*a'^ for all a & A. In the 
next lemma we show that each quantized function algebra Uq{Q) contains such an element. 

Lemma 5.10. Suppose g is a semi-simple Lie algebra and suppose Wg(g) is equipped with compact real 
form. Let p be the half sum of the positive roots and let Sa = K-p G Uq{Q)- Then Og is self adjoint and 
alS{a*) = S{a)*al for all a G 6/q(g). 

Proof. By Remark 15.61 the compact real form act trivially on [7°, hence Kfp = K-p. 

On the generators of 6/q(g) we check readily that S‘^{a) = K 2 paK- 2 p for all a G 6/g(g), see also 
[H Chapter 6, Proposition 6] and pri p. 79 , Exercise 4.1.1]. By [THl Chapter 1, Proposition 10] 
we have S~^ = * o S o *. Apply S~^ = = 1 = o S' o * on both sides of S^(a) = K 2 paK- 2 p to obtain 
S(a) = {S{K 2 p)S{a*)S{Kf 2 p))*- Since K 2 p and iL_ 2 p are self adjoint we have S(a)* = K- 2 pS{a*)K 2 p, 
from which the statement follows. □ 

Example 5.11. Let n be an arbitrary positive integer and let g = sfo be the simple Lie algebra of type 
An- The half sum of positive roots p is given by 2p = X]r=i(^ — * + Ijic^i, see [TH p. 684]. From p the 
elements Og of Lemma l5.10l is given by 


as = K_p=J[K: 




For example Ug for n = 1 , n = 2 and n = 3 is respectively equal to 

K--^, {K,K2)-\ (KfKlKl)-i. 
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6 Calculations of the radial part 


In this section we compute the radial part of the Casimir elements of the quantum analogues of (SU(2), U(l)), 
(SU(2) X SU(2),diag) and (SU(3),U(2)). We assume that every right coideal 6 c,s is ^-invariant for the 
compact real form on Uq{Q) and that c G C fl and s G 5 fl However, the calculations in this 

chapter can be executed for general c and s, although these cases will not have a nice limit if q —>• 1 and 
often the radial part of the Casimir elements will not generate a second order g-difference equation of 
Askey-Wilson type, [13] . 

Example 16.11 extends the results of [50] and gives rise to an alternative proof for [T31 Theorem 7.6] 
of which we skip the details. Example 16.21 coincides with [T] Proposition 5.10]. Example 16.31 extends 
Letzter’s classification [251 Theorem 8.2] to an example for a quantum symmetric pair where the restricted 
root system is non-reduced. We show that the radial part of the center in Example 16.31 restricted to 
the trivial representation coincides with 13 Theorem 5.4]. Moreover we compute the radial part of the 
center in Example 16.31 in general, which has not yet been done before and which extend the result of 
Dijkhuizen and Noumi [3 for the quantum analogue of (SU(3),U(2)) to the matrix valued case. Note 
that the method described here is not restricted to the center, but this method can be used to calculate 
the radial part for any element of a quantum symmetric pair with simple generators. 

Example 6.1. The spherical functions on quantum analogue of (SU(2),U(l)), see Example 13.71 were 
first studied by Koornwinder m- Let g = SU2. Koornwinder m computed the radial part of the 
Casimir element H which is the generator of the center of 77q(g). In this example we show that the radial 
part of Koornwinder [20] coincides with the radial part n(H) G Bc,s C) A 0 Bd,t for well chosen values for 
c, d, s and t. 

Recall the definition of the rank 1 coideal Bc,s from Example 13.71 Since 6 c,s is ^-invariant for the 
compact real form on Wq(g) if follows from Remark l5.6l that c = — 1. Therefore we write Bg = 6 _i_s. We 
slightly modify the generators of Bg and write 

Bg=F + EK-^ +s{K-^ -1), 


with s G 6 n M. Note that the right coideal Bg is also generated by Bg. 
the center of is given by 


n = 


q-^K + qK-^ - 2 

{q-q-^r 


EF, 


The Casimir element generating 


see m Proposition 3.2]. Eix s,t G 5 fl M. The quantum torus algebra A appearing in the quantum 
Iwasawa decomposition, Theorem 14.31 is generated by where A G ^Z. Eor A G ^Z we compute 
as an element of 6 s ® .A 0 6 t. 

Eirst apply Theorem 14.31 to bring K^EF in the quantum Iwasawa decomposition form. We have 


K^EF = q^^EK^F = - l)K^+^F + q^^BgK^+^F (6.1) 


According to the proof of Theorem 14.61 we proceed to decompose K^F and K^F^ inductively in BgABt- 
K>'F = K^{-EK-^ - t{K-^ - 1) + Bt) 

= q^^{F + s{K-^ - 1) - Bg)K^ + K^Bt - - K^) 

= q^^K^F + (sg^^ - t) - K^) - q^^Bg + K^Bt. 


Hence we have 

(1 - g-^^) K^F = (sg2^ - t) - K^) - q^^BgK^ + K^Bt- (6.2) 

We now proceed one level higher and obtain 

K^F"^ = K^F{-EK-^ - t{K-^ - 1 ) + Bt) 

= -q^^-^ER-^K^F + -- ^——{R^ - R^-^) - ^R^-^F + tR^F + R^FBt 

(g-g A q^ 

= q^^-^R^F^ + {t- g2^-2) R^F + - 4^ R^~^F 

+ - -r-(A:^ - R^-^ - q^^~^BgR^F + R^FBt, 

[q-q~A 
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hence we have 


(1 - = {t- K^F + - 4 ^ 


K^-^F 


- (K>'-K^-^) 

(Q-Q 


q 

2A-2 


BsK^F + K^FBt. 


(6.3) 


Assume that ^ 1 and q'^^ ^ 7 ^ 1, which definitely holds if S Areg{EF). Use (16.31) in (16.11) to 
obtain 

K>'EF — — F _ ~ ^ _ —K^F + q^^ _ - _ B F 

(l-g4A+2)^ ^ (l_q4A+2)^ ^ (l_^4A+2)^^^ 

AfA+i - 


q 


4A+2 


1 


(1 - 94A+2) 

substitute ( 1121 ) gives that K^EF is equal to 


K^+^FBt - 


(q-g-i)(l-g4A+2)’ 


r.2\ ' 


(l-g4A+2)(l_^4A+4) 
AfA+l _ 


{K^+^ - K^) - q 


A^ „2A (i - q^^s){s - q^H) . 


(l-g4A)(l_^4A+2) 


(a:-' - AT^-i) 


4A+2 


(l-94A+2)(g_g-l) 


2A (s - q'^^t - p,A p 

q -t;-jttt;- JTT^^ -^ 


(l-q4A)(l_g4A+4) 


- q 


2A 


(t — q^^s — q 


^2\+2, 




+ q 


,2A 


(1 - 94A)(1 _ g4A+4) 

{t - 2q‘^^~^^s - 94^+4t) 


B,K^ + q^^ 


AA +2 


(1 — q'^^+^){l — <74A+4^ 
1 


b,a:^+i + 


(s _ 2q^^+H + g4A+4g) 

(1 — g4A+2^^2 — g4A+4^ 
(1 + g4A+4) 




(1 — g4A+2^(2. — g4A+4^ 




(1 -g4A+2)(l _^4A+4) « 

1 


B.,K^+^Bt 


_A'^+i n 2 

(l-g4A+2)(l_^4A+4)44 ^f 


Add K^{q + qK ^ — 2) to both sides so that we have K^Vl G BsABt- 

Take ct, r G M such that s = q^ {q~'^ — q'^){q~^ —q)~^, t = q^ (q~'^ — q'^){q~^ — q)~^- For A ^ 0, —i, —1 
we obtain 


q{q - q-^fK^n = f{q^){,K^+^ - K^) + f{q-^-^){K^ - K^-^) 

+ (1 - qfK^ + {B,,s) + A{Bd,t) + 


(6.4) 


where for C C Uq{Q') we use the notation (7+ = {c G C : e(c) = 0} and 


/(?") = 


(1 + g 


‘2\-\-(T-\-t -\-'2 


)(i + <?^ 


2 A—(T—t +2 


)(l-9' 


2A-l-f7—T -|-2 


)(l-9 


2A— 


(l-g4A+2)(l_^4A+4) 


Identifying z with q^^^^ and A^^ with q~^z,z,qz in (16.41) we find the second order g-difference 

operator for Askey-Wilson polynomials with two free parameters. This observation is a key ingredient, 
see Ei Lemma 5.1], of some of the main results in Koornwinder [m Theorem 5.2 and Theorem 5.3]. 

In a similar fashion the Sc.sASd.t-decomposition of the Casimir element gives rise to the g-difference 
equation for the Askey-Wilson polynomials in four free parameters described in the second alternative 
proof of |151 Remark 7.7]. Hence we can obtain an alternative proof for [151 Theorem 7.6] which requires 
conjugation of the radial part of the Casimir operator. We skip the details. 

Example 6.2. Recall that the right coideal B of the quantum analogue of (SU(2) x SU(2),diag) is 
generated by 

Bi=Fi- E2K^\ B2 = F2- EiK^\ 

see also Example 13.81 Let g = SU 2 ©SU 2 . The Casimir elements generating the center of Z^q(su 2 ) are 
given by 


g-^ATi gATf ^ - 2 

(g-g-i )2 


ill = 


q-^K2 + qK^^ -2 
(g-g-i )2 


+ F'lF’i, H 2 — 


-f E 2 F 2 ■ 
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Note that a : Uq{Q) — Uq[Q) : Xi i-5> ^T(i) where X = Ei,Fi,Ki and t = (12) is a Hopf algebra 
isomorphism, i.e. a is the flip operator. Therefore it is sufficient to calculate the radial part only for fli. 
The quantum torus A of the quantum Iwasawa decomposition, Theorem id.dl oiUq^Q) is generated by 
We compute the radial part of in BAB where A G \'L. We apply the quantum 
Iwasawa decomposition, Theorem 14.31 on and obtain 

A^EiFi = q^^EiA^Fi = q^^{F2K2 - B2K2)A^Fi 

= q^^+'^K-^K^+iFiF2 - q^^B2K-iK^+^Fi. 


Inductively we determine the 6Al-B-decomposition of A^Fi and A^F^. 

A^Fi = A^{Bi + E2K^^) = A^Bi + q^^E2K^'^A^ = A^Bi + q^^A^Fi - q^^BiA^. 
Assume that A 0, then 


A^Fi = 


1 


1-(74A 

For A^FiF 2 we have 

A^FiF2 = A^Fi(B 2 + EiK^^) 

= A^FiB2 + (eiFi - 

V 

= A^FiB 2 + q'^^EiK^^A^Fi - 


{A^Bi - q^^BiA^) . 


( 6 . 6 ) 


K2^ 


Ki - 


q-q 


-1 


k: 


(6.7) 


= A^FiB 2 + q^^A^FiF2 - q^^B2A^Fi - A 


2A 1 


-1 


- K,- 
q - 9-1 


K. 


-1 


Assume A ^ and substitute (16.61) and (16.71) into (16.51) then gives 


A^EiF2 = - 


„4A+2 


(l-g4A+2)(g_g-l) 


K^A^+i + 


r,4A+2 


(l-g4A+2)(g_^-l) 


K ^A^ 


„4A+2 


(1 - g4A+2)2 


K-^ A^+^B 1 B 2 - 


^6A+3 


(1 - g4A+2)2 


„2A+1 4A+2 

^ -K-^B2A^+^Bi + - - - 


(1 -g4A+2)2' 

Hence for A y^ ^ the radial part of the Casimir becomes 


(1 - g4A+2)2 


R-i BiA^+^ B 2 
K-iB2BiA^+i. 


4^0 _1 (l-g^^+4) qA+i , (1 - 9 ) 1 -a-I 2 

^ g(g-g-i)2(l-g4A+2)^ +'?(q _ ^- 1 ) 2(1 _ ^4a+2)^ {q - q-i)2 


A^ 


+ 


„4A+2 ^ ^ „6A+3 ^ ^ 

- - BiBo - - - K~2 Hi A^+2 B 2 

(1 _ g4A+2^2 ^1^2 ^ 2 ^ _ g4A+2^2 1 2 


r,4A + 2 


u 2 A+l 

- - - K~^B2A^+2Bi + 

(l-g4A+2)2 2 l+(2_g4A+2)2 


K-^B2BiA^+X 


The Hopf-algebra isomorphism a maps ^{K) = K ^ and = B 2 . Since (T(i7i) = it follows that 




= i__ K-iA^H + 


g(q-g-l)2(l-g4A+2) 

+ 


(1 - 


(q-g-i)2(l-q4A+2) 


K^A^ 2 _ 


{q - q~^) 


rA^ 


„4A+2 ^ ^ „6A+3 ^ ^ 

(l_ ,4A+2)2 -^^-^'^^^2i?l - (2_^4A+2)2 -^^^2 A^^^^i 


u 2 A+l 

^ -K^B.A^+^B- 


r,4A + 2 


(1 - g4A+2)2 


2 + 


(l_g4A+2)2 


K^BiB2A^+X 


The radial parts computed above correspond to the radial parts of [TJ Proposition 5.10]. For the special 
case of the counit representation, the maps ne_e(ni) and n£_(;(n 2 ) coincide. Identifying z = a^d 
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A^-i, A^, A^+i with q~'^z, z, qz, we obtain the second order ^-difference equation for the Chebyshev 
polynomials of the second kind. In [T] we continue studying matrix valued spherical functions that 
are solutions to the second order g-difference equations lit for all irreducible finite dimensional 
representations t. 

Example 6.3. In this last example we study the radial part of the center of the quantum analogue of 
(SU(3),U(2)), see also Example 13.91 This case is excluded in Letzter because the restricted root 
system is non-reduced. The radial part of the center of the quantum analogue of (SU(3), U(2)) restricted 
to the trivial representation is identified with the results of Dijkhuizen and Noumi [SI Theorem 5.4]. 
Recall that the right coideal Be is generated by 

B’l = Fi - Bl = F2 - C2E2K^\ 


Let g = SU3. If we allow third roots of Ki and K 2 in Uq{Q) the center of Be is formally generated by the 
two second order Casimir elements of the form 


Hi = KIK^ 


^2 = KIK^ ^ 


q-'^KiK2 + K^^K2 + 
{q-q-^Y 
r q-^KiK2 + KiK^^ + 
(g-g-i )2 


-|- qK 2 EiEi q ^— E^E^ 


-|- q ^K 2 ^EiFi F qKiE 2 F 2 — E^F^ 


( 6 . 8 ) 


where E^ — E 1 E 2 — ( 7 E 2 E 1 — [Ei,E 2 ]g, F 3 — F 1 E 2 — 9 E 2 T 1 — [Fi^F 2 \q, E 3 — E 1 E 2 — q ^E 2 Ei — 
[Ei,£' 2 ]g-i and F 3 = F 1 E 2 - q~^F 2 Fi = [Fi,F 2 ]g-i. See also jS] and m for the explicit expression of 

(16.81) . We compute the radial part for fli = e Wg(g) and 112 = The 

computations modulo {Bc)+ on the left and ( 6 d)+ on the right are identified explicitly with orthogonal 
polynomials of the g-Askey scheme M- 

The computation of the radial part is tedious but straightforward. Therefore we omit most of the 
computations and use a couple of tricks to simplify the computations. Introduce the flip operator cr on 
Wg(g) defined on the generators by a{Xi) = cr(X.r(i)) and a{ci) = a{cT-(i)) where r = (1 2). Note that the 
flip operator ct is a Hopf ^-algebra isomorphism on Uq{g) leaving Be and Bd invariant so that CT(ni) = n 2 - 
Hence we only have to compute the radial part of Hi. 

The quantum torus A is generated by A^^ = {KiK 2 )'^^. Let A G ^Z. We first compute the radial part 
of expressions A^Ex up to degree 4, i.e. |Ar| < 4, where X = (1), X = (1,1), X = (I, 2), X = (1,1, 2), 
a: = (1,2,1), X = (2,2,1), X = (1,2,1,2), a: = (1,1, 2, 2) and AT = (2,1,1, 2). Other expressions 
needed for the computation of the radial part can be obtained from the flip operator a. By Theorem 14.61 
we have 

A^Fi = A^Bf - —q^BlA^ F —q^^A^Ei, (6.9) 

Cl Cl 

Next, by Theorem 14.61 we have permutations E 1 F 2 E 2 F 1 F 1 E 2 and F^ —>■ F^ where is used for 
the flip operator. 


A^FiF2 = A^FiB^ - d2 

= A^FiFf - —q^-^B^A^Fi F —q^^-^A^F^ 


q-q 




^ 1 I 


C 2 


( 6 . 10 ) 


Using the flip operator we can now compute A^Fx G BeABd for all |Ar| < 2. We proceed with |X| = 3. 
The expressions used of degree three have permutation FfF 2 —>■ F 2 F 1 —>• F 1 F 2 F 1 —5> F 1 F 2 , therefore we 
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calculate 


A^F^F2 = A^F'fB^ - d‘ 


A r?2 od 


q^K - 

g- 9-1 


A^F^ - d2q 


K - 


q-q- 


A^F. 


- —q^+'^BlA^Ff + —q^^+‘^A^F2F^, 
C2 C2 

K-^ - kt^k:;^ 


A^F 2 FI = A^F 2 F-yBf - diq 


-2 


q-q 


-1 


A^Fi 


„A-1 DC /(A 77 77 , '^l„2A-l7tAi 


( 6 . 11 ) 


_ -±q^-^BlA^F2Fi + —q^^-^A^FiF2Fi, 

Cl Cl 


A^FiF2Fi = A^FiF2Bf - di 


K-^ - 

g-g-i 


A^Fi 


- —q^-^BlA^FiF2 + —q^^-^A^F^F2. 

Cl Cl 

For |X| = 4 the computation splits into two permutations F 1 F 2 F 1 F 2 —>■ F 2 F 1 F 2 F 1 F 1 F 2 F 1 F 2 and 
^ 1^2 F 2 F^F 2 —>■ F^F^ F 1 F 2 F 1 F^F^. By Theorem 14.61 the first permutation is 


A^FiF2FiF 2 = A^FiF2FiBi - f ^^^2 -^1 


[- 


-d2 


KiK^^ - 

'Y-l 


q-q " 
A^FiF2 


A^F2Fi 


( 6 . 12 ) 


q-q- 

- —q^B^A^FiF2Fi + —q^^A^F2FiF2Fi 
C2 C2 


and the second permutation is 

A^FIF^ = A^FIF2B^ - da 


^ (g + q-^)KiK2^ - (g-3 + q-^)K^^K2 


q-q 


-1 


A^FiF2 


„A nc 7 A 772 77_ I ^2 2\ aX , 


- —q’'B^A^FtF2 + —q^^A^F2FtF2, 


C2 


C2 


A^FaFf Fa = A^FaFf - da — ^(1 + 9 )-^i -^^^2 ^ 


(6.13) 


- —g^F^A^FaFf + —q^^A^F^Fl. 

C2 ca 

With Theorem 14.31 we bring all terms of A^lli in the form of the quantum Iwasawa decomposition, 
for K 2 E 1 F 1 and F^^FaFa we have 


^2A+3 


A-l 


A^FaFiFi = - -F-^A^+^FaFi - - - B^K-^A^+^Fi, 


C2 


C2 


„2A+1 ~A+1 

A^Fr^FaFa = - -A^FiFa - - -F^^d^Fa. 


Cl 


Cl 


To find the quantum Iwasawa decomposition for A^E^F^ and A^E^F^ we apply a trick. The g-commutator 
of Fj and F 2 is 

[F^,F5], = F 3 - ciC 2 g-iF 3 FfiF 2 -i + ci(g - g-i)F 2 F 2 Ff 1 


- Cig 


K 2 - K 2 
g-g-l 


F 3 ^ + Ca 


Fi - Ff 
g - g-i 


F2-^ 
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Hence we have 


2A+1 

= - -(-[Sr, B^]g + F 3 + Ci((? - q-^)E2F2K-^ 

C 1 C 2 


-Ciq 


3 5 


(6.14) 


2A+1 

■ ■ ■" ■ .. ”3 


{-[Bl,B^],A^+^F3+q^^+^A^+^Fi+ q^^+^{q-q-^)A^+^FiF2F3 

C 1 C 2 

-q^+^{q - q-^)BlA^+^F2F3 + C2^i^2~^ + i^iq - C2)j^r%~^ " CiqR-^K 2 ^ 

{Q-q~A 


3 : 


We assume that Be and Bd are ^-invariant with respect to the ^-structure corresponding to the 

compact real form. By Remark 15.61 we find that C 1 C 2 = q^ and did 2 = q^■ Let ^ be the equivalence 

relation module ( 6 c)+ from the left and ( 6 d)+ from the right. From (16.9p and (16.111) it follows that 

A^Fx ~ 0 if |X| = 1 or |X| = 3. For |X| = 2 we have from ()6.10l) that A^F^ ^ 0 and 

/ / o2A+4\ 

{q - g-i)(l - q^^+‘^)A^F^F 2 ^ - f d 2 + j + ( d 2 + j kl^-\ (6.15) 

With (16.1211 and (I6.13|) we compute 

{q 


- 9 -i)(l - q^^)A^FiF2FiF2 - - f ^ 29 ”^ + A^F2Fi + f j A^-^F2Fi 


— ( d 2 /r + 


C2 

„2A+2 \ 

9_ 1 




A^FiF2 + d2q~'^ + 


C2 

„2A+2 


A^-^FiF2, 


\ / \ 

/ „2A+3 \ 

{q - q-^){l - q^^)A^F 2 F^F 2 ^ - f ^ 2(1 + d”") + + d”') j 

/ „2A+3 \ 

+ f d2(i + q-^) + + q~")) a^-^f2Fi 

- q^^ U (1 + g-2) + ^^(9 + 9”') j A^F^F, 

/ 0\J-n \ 


(6.16) 


From (16.1511 and (I6.16|l it follows 


\ ^ / 

/ ^2A+3 \ 

+ q'^^ \^di{l + q-^) + ^-^( 9 “^ + q~^)j A^-^FiF2. 


A^F^F2 ^ fi2{\)A^ + gi2{\)A^-\ 

A^F 1 F 2 F 1 F 2 fl212{^)A^ + 91212(A)a1'’' ^ + hi2l2{X)A^ 

A^F2F^F2 ~ /2112(A)2l'' + 92112 (A)H^“^ + /l2112(A)H^“^, 


where 


/12(A) — 912(A) — 


/1212(A) = 


d29 (1 + 9^^’^^) 

(1-9^) (1-9^^+2)’ 


( 9 ' 


2A+5 


+ rfi9" + 9" + t9"^+")(l + 9^ 


aA+ii 


( 1 - 92)2 

91212(A) = —(/1212(A) + /11212(A)), 


(1 -^4A+2)(i -g4A) 


^(A) = 


1 


( 9 ^ 


„2A+3 


+ d^ + t9""+")(l + 9 


2A-11 


/2112(A) — 9' 


( 1 - 92)2 (I - q^^)(l - 

3 (1 + 92) (1 + 9^^+3)(1 + 9^^+!) 


( 1 - 92)2 (l_g4A+2)(l_^4A) > 
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52112(A) — —(/2112(A) + /12112(A)), 


/ 12112 (A) = 


(l + q^) (l + 52 A+ 3 )(l + q 2 A-l) 

(l-g2)2 (l_g4A)(l_^4A-2) ’ 


And therefore we have 


^ (/ 12 (A) — 5 / 2 i(A))A^ + ( 512 (A) — 552 i(A))A'^ 

F 1 F 2 F 2 . ^ (/ 1212 (A) — 5 /i 22 i(A))A^ + ( 51212 (A) — 55 i 22 i(A))A^ ^ + (/ 11212 (A) — 5/11221 (A))A'*' 
A^F 2 FiF^ ^ (/ 2112 (A) — 5 / 212 i(A))A^ + ( 52112 (A) — 552121 (A))A'*' ^ + (/ 12112 (A) — 5 /i 2 i 2 i(A))A''' 
A'^F| ~ (/ 123 (A) — 5/213(A))A^ + ( 5123 (A) — 55213(A))A'' + (/ 1123 (A) — 5/i2i3(A))A'^ 

Hence (|6A4I) becomes 


A^AaFs ^ + 1) + 5'^+'(5 - 5-')/i23(A + 1) + + 1)) A^+i 

+ 5^^“^ (5^^’^^533(A + 1 ) + q^^^^iq - 5“^)5i23(A + 1 ) 

■ - ‘'■‘““"/.(A + 1 ) + <A£-^/,(A)) 


(5-5-^) 


( 5 -5-1) 


+ 5 ^^-^ (5^^+^/i33(A + 1) + 5^^+^(5 - 5-^)/ii23(A + 1) + 

Combining the explicit expressions of A^EiF 2 , A^E 2 F 2 and A^E^E^ modulo gives 


53 (A) ) A 


1 A-l 


(1 - 5")2A^f^i ^ f{q^){A^+^ - A^) + /(5-^-2)(A"-i - A^) + 

( 1 - 52 ) 


(6A7) 


where f{q^) is 


_ (1 + C2(/25^^)(1 + C 2 ic /2 15^^+®)(1 - C2d2 ^q^^+^){l - C 2 ^d2q^^+^) 


= 


( 1 - 


— n4A+4^^2^ _ „4A+6 


and 5 (A) = /(—A — 2). Observe that from (I6A7I) and the flip operator a we have A'^Oi ^ A^id 2 . 
With the identification z = 5 ^'’'+^ and A^“^, A^, A'’'+^ n- q~^z,z,qz in (I6A7I1 . the polynomial solu¬ 
tions of the 5 -difference equation (16 A 711 are Askey-Wilson polynomials in two free parameters. The 
Askey-Wilson polynomials are of the form p„(x; — 02 ^ 25 -^, —c^^d^^q*, 02 ^/ 15 ^, c/id 25 ^| 5 ^)- Upon using 
s,t\q) = pn{x;qits~^,q^'^°‘st~^,—q^{st)~^,—qi^^st\q) we find the polynomial solutions for 
(I6.171) to be 

Pn’°\F 5“^C2, q~^d2\q^) = Pn{x; -C2d25“^ -c^^d^^q'^, C2C^/l5^ c/ic/25^l5^)- 


This result extends the classification given by Letzter Theorem 8.2] to an example of a quantum 
symmetric pair where the restricted root system is non-reduced. With parametrization c = 5 '^“'-i ^j^d 
d = q'^'^'^, where cr, r G R, we identify the radial part of the center restricted to the trivial representation 
with Dijkhuizen and Noumi [ 6 l Theorem 5.4]. Using the same calculations we can compute the second 
order 5 -difference equation nt,^^t 2 (Ui) for any irreducible finite dimensional representations ti and /2 on 
respectively Be and Bd- We will not work out the details in^^this paper. But it will be interesting if 
the matrix valued second order 5 -difference equations nt,^^t 2 (ni) for any irreducible finite dimensional 
representations ti and ^2 can be related to matrix valued spherical functions and matrix valued orthogonal 
polynomials. 
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